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Flow Angle, Temperature, and Aerodynamic Damping
on Supersonic Panel Flutter Stability Boundary
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The effects of � ow yaw angle, temperature, and aerodynamicdampingon supersonic � utter of plates are investi-
gated. Quasisteady, � rst-order piston theory is employed for formulation of aerodynamic forces. The von Karman
large-de� ection plate theory is adapted for the aerothermal de� ection. Two types of thermal effects are considered:
1) plate expansion by uniform temperature and 2) thermal moment induced by temperature gradient across the
plate thickness. A � nite element modal formulation and a two-step procedure are presented for the predictions of
stability boundariesand nonlinearaerothermal de� ection and shown to be ef� cient in solution. Results have shown
that � ow angle has lesser effect on stability boundaries as compared with temperature for isotropic square plates.
However, both � ow angle and temperature have a large in� uence on stability boundaries for rectangular isotropic
and laminated composite plates. The presence of the “ripple” characteristics of stability boundaries for compos-
ite plates caused by the frequency coalescence of higher modes and the smaller effect of aerodynamic damping
is investigated. The stabilization effects on panel motions induced by variations of � ow angle, temperature, and
aerodynamic damping are discussed.

Nomenclature
[Aa ]; [Ax ]; [Ay] = aerodynamic in� uence matrices
Ca = aerodynamicdamping coef� cient
[G] = aerodynamicdamping matrix
ga = nondimensional aerodynamic damping
h = plate thickness
[K ] = stiffness matrix
[M ] = mass matrix
[N 1]; [N2] = � rst- and second-order incremental

stiffness matrices
pa = aerodynamicpressure
qa = dynamic pressure
T0 , T1 = average temperature and temperature

gradient across thickness
fW g = displacement vector in structure nodal

degrees of freedom
¯ =

p
M 2

1 ¡ 1
3 = � ow yaw angle
¸ = nondimensionaldynamic pressure
¹ = nondimensionalmass ratio
½ = plate mass density
½a = air mass density
!0 = reference frequency

Subscripts

a = aerodynamic
b = bending
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cr = critical
m = membrane
mb, bm = membrane/bending coupling
s = static
t = time dependent
x , y = coordinates x , y
1T = thermal

Introduction

S URFACE panels of aerospace vehicles are subjected to
supersonic/hypersonic air� ow and thermal loads simultane-

ously. Such a complicated working environment might give rise
to the dynamically instable phenomena of panel � utter, which con-
tributes to structural fatigue failure.

The in� uence of arbitrary � ow angle shown in Fig. 1 on the crit-
ical � utter dynamic pressure of isotropic and orthotropic rectangu-
lar panels with simply supported boundary conditions was studied
analytically by Korders and Noll1 and Bohon.2 Durvasula3;4 inves-
tigated the effects of � ow angle and plate obliquity on the critical
dynamic pressureof simply supportedand clamped isotropicpanels
using the Rayleigh–Ritz method and 16-termbeam functions.Early
applications5;6 of the � nite element method (FEM) to the effects
of � ow angle on � utter were focused mainly on isotropic paral-
lelogram panels. An excellent review of the FEM applied to lin-
ear models of supersonic aeroelastic stability analysis of plates and
shells was given by Bismarck-Nasr.7 Review of linear and nonlin-
ear panel � utter analysisusing various analyticalmethods including
FEM was recently given by Mei et al.8 Experiments9;10 showed that
orthotropicpanelsmountedon � exible supportsexperiencelarge re-
ductions in critical � utter dynamic pressure for only small changes
in � ow angle.

Few investigations of panel � utter have dealt directly with ther-
mal effects. Houboult11 was the � rst to study the thermal buckling
stability and � utter boundary for two-dimensional plates subjected
to uniform temperature distribution. Yang and Han12 studied the
linear � utter of thermally buckled two-dimensional panels using
FEM. More recent research has extended to nonlinear � utter of

248



CHENG, LEE, AND MEI 249

Fig. 1 Sketch of plate geometry.

panels under various temperature distributions. Xue and Mei13;14

investigatedthe � utter boundariesof thermally buckledplatesunder
nonuniform temperature distributionsusing FEM and von Karman
large-de� ection plate theory for structural nonlinearity. Liaw15 in-
cluded geometrical nonlinearitiesin � nite element formulation and
studied supersonic � utter of laminated composite plates.

The � utter characteristics of laminated composite panels at var-
ious � ow angles in supersonic � ow and at elevated temperatures
had not been discussed in the literature. Kariappa et al.5 treated
the thermal loads as in-plane forces (less than the buckling load)
and investigated the effects of yawing angles and inplane forces
on supersonic � utter of skewed panels using FEM. Their studies
were limited to: 1) linear aerodynamicmodels and linear structures,
2) isotropic plates, and 3) no bending moment effects caused by
temperature gradient across plate thickness.

The present paper examines the supersonic panel � utter char-
acteristics of isotropic and laminated composite plates using FEM
considering both � ow angularity and temperature effects. Both the
� nite element system equations in structure nodal degrees of free-
dom and the solution procedure developed by Xue and Mei13 are
extendedto include� ow angle and temperaturegradienteffects.The
modal reduction technique has been shown to be ef� cient in vari-
ous types of � utter analysis.16¡18 Modal transformation is applied
here to reduce the total number of equations to save computation
costs yetmaintainacceptableaccuracies.The nonlinearmodal equa-
tionsfor staticaerothermalde� ectioninducedby thermalexpansion/
bending and aerodynamicpressure are solved numerically by using
the Newton–Raphson method. Flutter boundaries are determined
through eigenanalysis of dynamic motion of plate about the de-
formed plate con� guration. An isotropic plate and a symmetrically
laminated plate are used as examples. Results showed that � ow an-
gle and temperature have great in� uence on stability boundaries of
laminatedcompositeand isotropicrectangularplates.The discovery
of the “ripple” characteristics of stability boundaries for the com-
posite plates, which is believed to be the � rst time, is investigated
and discussed in detail. The stability boundariesof composite plate
at various � ow yaw angles and at combined uniform temperature
and thicknesstemperaturegradientdistributionsare obtained for the
� rst time in the literature.

Finite Element Formulation
System Equations of Motion

With both aerodynamicpressure and thermal loads the plate will
experiencelarge-amplitudenonlinear responseas � ow speed and/or
temperature increased to a certain high level. To address this in� u-
encefromnonlinearplate response,thecontributionsfromnonlinear

inplanestraincomponentsaccordingtovonKarman large-de� ection
theory are taken into account.

The thermal effect can be considered by including the thermal
stress resultants fN1T g and fM1T g, which are the thermal force
and thermal moment induced by the change of temperature, re-
spectively. For thin-walled structures that have extensive applica-
tions in aircraft, the close to reality steady-state temperature � eld
is a function of all three coordinates, that is, 1T .x; y; z/. As sug-
gested by some earlier researchers,19;20 the temperature variation
can be assumed to be linearly distributed across the plate thickness
as 1T D T0 C zT1=h. By setting T1 D 0:0, a special case of uniform
temperature distribution is reached.

The present work falls into the type 3 analysis categorized by
Dowell.21 That is, linear quasisteady aerodynamic theory is em-
ployed to model the pressure � uctuation over the vibrating plate.
Among the aerodynamic theories approximating unsteady air� ow
with quasisteady � ow � eld, the family of piston theories22 was
proved to be a useful tool to � utter analysis. The linear quasisteady
� rst-order piston theory, if � ow angle is denoted as 3, is given as

pa D ¡ 2qa

¯

µ³
M2

1 ¡ 2
M2

1 ¡ 1

´
1

V1
w;t C w;x cos 3 C w;y sin 3

¶

D ¡
ga

!0

D110

a4
w;t ¡ ¸

D110

a3
w;x cos 3 ¡ ¸

D110

a3
w;y sin 3 (1)

where qa D ½aV 2
1=2 is the dynamic pressure, ¯ D

p
M2

1 ¡ 1, D110

is the � rst entry of laminatebending rigidity [D] for a unidirectional
zero-degree laminate, and a is the length of the rectangular plate.
The nondimensionaldynamicpressure¸ and aerodynamicdamping
ga are de� ned as

¸ D 2qaa3
¯

¯D110; ga D
p

¸Ca (2)

where aerodynamic damping Ca D ¹.M 2
1 ¡ 2/2=¯.M2

1 ¡ 1/2 and
mass ratio ¹ D ½aa=½h. For M1 À 1, Ca ¼ ¹=M1.

The system equationsof motion can be derived from the principle
of virtual work, with internal energy accumulated through stress
resultants and external work done by aerodynamic pressure and
inertiaforce.Afterassemblingtheelementmatricesandapplyingthe
boundary conditions, the equationsgoverning the panel motion can
be expressed as described by Xue and Mei14 and Abdel-Motaglay
et al.16
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fW g D fP1T g (3)

where !0 D .D110=½ha4/1=2 is a reference frequency. The � ow
angle effect is introduced in the aerodynamic in� uence matrix
[Aa ] D [Ax ] cos 3C[Ay] sin 3. Temperature is inducedin the linear
geometrical stiffness matrix [K N1T ] as a result of thermal stress re-
sultant fN1T g and in the thermal load vector fP1T g. And [N 1] and
[N2] are the � rst- and second-order nonlinear stiffness matrices
caused by large de� ections, respectively.For isotropicor symmetri-
cally laminated composite plates, Eq. (3) can be simpli� ed because
[Kbm], [Kmb], and [N1NB] are zero and fPb1T g is zero for the uni-
formly distributed temperature case.
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Solution Procedure

To determine the � utter boundary, the solution of Eq. (3) can be
assumed as

fW g D fW gs C fW gt (4)

where fW gs is the aerothermal de� ection (particular solution)
caused by aerodynamic pressure and thermal loads and fW gt is
the small oscillationsof the plate about the aerothermallydeformed
equilibrium position (homogeneous solution). Therefore, fW gs is
treated as a quasi-static de� ection of the plate and is time indepen-
dent,while fW gt is the dynamic responseof the plate.Consequently,
the solution procedure contains two steps corresponding to the de-
termination of fW gs and fW gt , respectively.

As an intrinsic characteristic of � utter, occurrence of frequency
coalescence between different modes of plate vibration can be uti-
lized to mark the � utter boundary.Once � utter starts, the plate mo-
tion can be limit-cycle oscillations (LCO), periodic but not simple
harmonicmotion, nonperiodicmotion, or chaoticmotion.18;23 How-
ever, at the vicinity of � utter boundary the amplitude of vibration
is quite small. Therefore, it is reasonable to assume fW gt ¿ fW gs

immediately after the commencement of � utter. Observing this re-
lationship, by substitution of Eq. (4) into Eq. (3) and neglecting
the higher order terms of fW gt , Eq. (3) can be separated into two
equations:
¡
¸[Aa] C [K ] ¡ [K N1T ] C 1

2
[N1]s C 1

3
[N2]s

¢
fW gs D fP1T g (5)

and
¡
1
¯

!2
0

¢
[M]f RW gt C .ga=!0/[G]f PW gt C .¸[Aa ] C [K ] ¡ [K N1T ]

C [N 1]s C [N2]s/fW gt D 0 (6)

where the subscript s on [N 1] and [N2] denotes that they are eval-
uated with the aerothermal de� ection fW gs . Mathematically, these
two equations are solved for the particular fW gs and homogeneous
fW gt solutions of the original nonhomogeneouspartial differential
equation. They are equivalent to Eq. (3) only under the assumption
of small dynamic responses. If the plate has large-amplitude dy-
namic motion, nonlinear stiffness contributions from the dynamic
de� ection fW gt must be included as described by Xue and Mei.14

For the plate with a uniform temperature distribution, its motion
is characterized by dynamic pressure ¸ as studied by Xue24 (see
Figs. 2a and 2b): 1) at temperatures lower than the critical buckling
temperature, the plate is initially � at fW gs D 0, and then under-
goes LCO as ¸ > ¸cr ; and 2) at temperatures beyond the thermal
buckling temperature, the plate is initially buckled at small ¸, and,
subsequently, it becomes � at fW gs D 0, at moderate ¸ until LCO
or chaotic motion commences as ¸ > ¸cr. To take advantage of this
knowledge, a linear model, formed with Eq. (6) in which [N1]s and
[N 2]s are zero, is employed to determine the � utter boundary for
temperatures less than the critical buckling temperature. However,
for the aerothermally buckled plate the set of nonlinear algebraic
equations given in Eq. (5) must be solved � rst for postbucklingde-
� ections,which are thenused to evaluate[N 1]s and [N 2]s in Eq. (6).
As the plate experiencesa thermal moment inducedby the tempera-
ture gradient, bendingde� ection as a result of thermal effects exists
regardless of the dynamic pressure. A nonlinear equation solver
is applied to determine the plate static equilibrium position, which
is then used to evaluatethe nonlinearstiffnessmatrices.All matrices
in Eq. (6) are therefore known, and eigenanalysisis applied to trace
the frequency coalescence. The � utter boundary is reached when
the plate damping rate ® becomes positive [see Eq. (22)] as well as
frequency coalescence occurs.

Only isotropic and symmetrically laminated plates are studied in
thispaper; thus, thegoverningequationsgivenin Eqs. (5) and (6) can
be simpli� ed. The bending-extensioncoupling matrix [B] vanishes
for either isotropicor symmetricallylaminatedplates.By neglecting
the membrane inertia term in Eq. (6), the in-planedisplacementvec-
tor can be expressedin terms of the bendingdisplacementvectorsas

a) T0 /¢Tcr < 1.0

b) T0/¢Tcr = 1.1

c) T0 /¢Tcr = 3.

Fig. 2 Frequency coalescence analysis of clamped [0/45/¡¡ 45/90]s
rectangular plate at ¤ = 45 deg and uniform temperatures.
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fWmgs D [Km ]¡1
¡
fPm1T g ¡ 1

2
[N1mb]sfWbgs

¢

fWm gt D ¡[Km]¡1[N 1mb]sfWm gt (7)

Substituting Eq. (7) into Eqs. (5) and (6), the equations governing
the static and dynamic bending of the plate are
¡
¸[Aa ] C [Kb] ¡ [KN 1T ] C 1

2 [N1Nm]s C 1
3 [N2]s

¡ 1
4 [N1bm]s[Km ]¡1[N1mb]s

¢
fWbgs

C 1
2
[N1bm]s[Km ]¡1fPm1T g D fPb1T g (8)

¡
1
¯

!2
0

¢
[Mb]f RWbgt C .ga=!0/[G]f PWbgt

C
¡
¸[Aa ] C [Kb] ¡ [K N1T ] C [N 1Nm]s

¡ [N 1bm]s[Km]¡1[N1mb]s C [N2]s

¢
fWbgt D 0 (9)

Critical Buckling Temperature

Thermal bucklingonly happens when isotropic or symmetrically
laminated plates are heated uniformly. But for any plate acted by
thermal moments, the plate will deform. For the latter case there
is neither buckling phenomenon nor an associated critical buckling
temperature.For the current study the critical buckling temperature
is used as a reference for the case of a plate with thermal moments.
The procedure to determine the criticalbucklingtemperaturecan be
found in related literature, such as Yang and Han12 and Shi et al.17

For an isotropicor symmetrically laminatedplate heated uniformly,
the critical buckling temperature is

1Tcr D ¹1T0 (10)

where ¹1 is the lowest eigenvalue of thermal buckling found from
the eigenproblem

[Kb]fÁg D ¹.[KN 1T ] ¡ [N1Nm]/fÁg (11)

where fÁg is the correspondingbuckling mode shape.

Aerothermal De� ection

The static plate de� ection from aerodynamic pressure and tem-
peraturecan be determinedby solvingthe nonlinearequationsgiven
in Eq. (5) or Eq. (8) with a nonlinear equation solver. However, dif-
� culties exist while trying to solve a large number of equilibrium
equations, whether or not the plate is modeled with a moderately
� ne mesh size. This makes the root � nding procedure quite time
consuming. One solution to this dif� culty is the use of modal co-
ordinates, which is based upon the expansion theorem and modal
reduction techniques.

The expansiontheoremstates that any possiblemotion of the sys-
tem can be described as a linear combination of the modal vectors.
And, the essence of modal reduction is to restrain the dominating
modal contributions. Applying to the present � utter problem, an
assumption resembling Eq. (4) becomes

fWbg D fWbgs C fWbgt D
nX

i D 1

qi fÁi g D
nX

i D 1

.qsi C qti/fÁi g

D [8].fqgs C fqgt / (12)

where qsi and fqgs represent modal coordinate coef� cients for each
mode participating in the static response and qti and fqgt are modal
coordinatecoef� cients for dynamic response.The numberof modes
n used in the model is usually a small number. The modal matrix
[8] consists of mode shapes of dominant modes. For the case of
the uniform temperature distribution, if the temperature is below
the critical buckling temperature 1Tcr linear vibration modes are
used. Whereas, when the temperature increases beyond 1Tcr, ther-
mal bucklingmodes are used.For cases with a temperaturegradient,
linear vibration modes are used.

The modal equation for static bending of the plate is derived by
substituting fWbgs D [8]fqgs into Eq. (8) and premultiplicationby
[8]T as follows:

[8]T
¡
¸[Aa ] C [Kb] ¡ [K N 1T ] C 1

2
[N 1Nm]s C 1

3
[N2]s

¡ 1
4 [N1bm]s[Km]¡1[N1mb]s

¢
[8]fqgs

C 1
2 [8]T [N 1bm]s[Km]¡1fPm1T g D [8]T fPb1T g (13)

The numberof the nonlinearalgebraicequationsis reduceddramati-
cally.Severalnonlinearequationsolversexist thatwill determinethe
modal coordinates. Herein the Newton–Raphson iterative method
is applied.

In Eq. (13) the nonlinear stiffness matrices can be evaluated with
modal coordinatesas

[N1mb]s D
nX

i D 1

qsi[N1mb].i /; [N2]s D
nX

i D 1

nX

j D 1

qsiqsj[N 2].i j/

(14a)
where the superscript i denotes that fÁi g is used in evaluation of
the � rst-order nonlinear modal stiffness matrix. Similarly, the su-
perscript ij denotes that fÁi g and fÁ j g are used in evaluation of the
second-ordernonlinearmodal stiffnessmatrix.The nonlinearmodal
stiffness matrices [N1mb].i / and [N2].i j/ are constant.

The matrix [N1Nm]s contains a constant part [N1Nm]0 and a
quadratic part [N1Nm]s2, corresponding to the two terms of fWmgs

in Eq. (7). The constant [N 1Nm]0 is evaluated by the � rst term
fWm g0 D [Km ]¡1fPm1T g, and the quadratic matrix [N 1Nm]s2 is

[N1Nm]s2 D
nX

i D 1

nX

j D 1

qsiqsj[N1Nm].i j/
s2 (14b)

where [N1Nm].i j/
s2 is evaluated with the second term fWmg.i j /

s2 D
¡ 1

2 [Km ]¡1[N 1mb].i/
s fÁ j g and [N1Nm].i j/

s2 is a constant matrix.
With application of the Newton–Raphson method, the kth itera-

tion step provides

[KT ]k f1qgs;k C 1 D f1Pgk (15)

and

fqgs;k C 1 D fqgs;k C f1qgs;k C 1 (16)

where the tangent stiffness matrix and unbalanced load vector are

[KT ]k D [8]T
¡
¸[Aa] C [Kb] ¡ [K N 1T ] C 1

2 [N 1Nm]0 C [N1Nm]s2

C [N2]s ¡ [N1bm]s[Km]¡1[N1mb]s

¢
[8] (17)

f1Pgk D [8]T fPb1T g ¡ [8]T
¡
¸[Aa ] C [Kb] ¡ [KN 1T ] C 1

2 [N1Nm]0

C 1
2 [N1Nm]s2 C 1

3 [N 2]s ¡ 1
4 [N1bm]s [Km ]¡1[N 1mb]s

¢
[8]fqgsk

¡ 1
2
[8]T [N 1bm]s[Km]¡1fPm1T g (18)

Convergence is accepted when the absolute norm (see Ref. 25) of
the fqgs is lower than 10¡5.

Stability Boundary

Having determined the static aerothermal de� ection, the nonlin-
ear stiffness matrices in Eq. (9) can be evaluated with this static
de� ection. Therefore, Eq. (9) is in fact a linear dynamic equation.
Using the dynamic responsegiven in Eq. (12), fWbgt D [8]fqgt , the
dynamic equation of motion is transferred into modal coordinates

¡
1
¯

!2
0

¢
[ NMb]f Rqgt C .ga=!0/[ NG]f Pqgt C [ NK ]fqgt D 0 (19)
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where the modal mass, aerodynamic damping, and linear stiffness
matrices are de� ned as

[ NMb] D [8]T [Mb][8]; [ NG] D [8]T [G][8]

[ NK ] D [8]T
¡
¸[Aa ] C [Kb] ¡ [KN 1T ] C [N 1Nm]s

¡ [N 1bm]s[Km]¡1[N1mb]s C [N2]s

¢
[8] (20)

The � utter boundary is determined from eigenanalysisof Eq. (19)

· [ NMb]fX g D [ NK ]fX g (21)

where the nondimensional eigenvalue · is de� ned as

· D ¡.Ä=!0/2 ¡ ga.Ä=!0/ (22)

and where Ä D ® C i! in which ® and ! are the panel damping
rate and frequency, respectively. As the nondimensional dynamic
pressure ¸ is increased, some system frequencies might coalesce.
If ® is found to be positive when coalescence exists, the motion of
the plate is unstable. The corresponding value of ¸ is taken as the
stability boundary ¸cr as ® crossing from negative to positive (see
Fig. 2).

Numerical Results and Discussions
The 24-degree-of-freedomBogner–Fox–Schmit C 1 conforming

rectangularplate element is used for the � nite element model. Four
speci� c � ow angles, 3 D 0, 15, 30, and 45 deg, are selected to
examine the stability characteristics.Taking 1Tcr as the reference,
the � utter boundaries at different temperature ratios 1T=1Tcr are
studied to investigate the effect of temperature and � ow yaw angle
on � utter boundaries.

Isotropic Plates

To verify the current � nite elementmodeland solutionprocedure,
the � utter boundary of an isotropic plate is investigated.As modal
formulation is employed in present work, an important issue is the
selection of modes. Dowell21;23 indicated that for the case of � ow
angle3 D 0 deg, 6 linearmodes, (1, 1), (2, 1) to (6, 1), give quite ac-
curate results for LCO. However, more recent research has unveiled
the complexityof mode selection.Weiliangand Dowell26 found that
more than one spanwise mode is required for suf� cient analysis of
LCO response for the cantilever isotropicplate. Lee et al.27 encoun-
tered dif� culty of tracking frequency coalescing modes when tem-
perature effectsare involved.They adopteda mode tracking scheme
to follow modes that will coalesce.All of these studies indicate that
the sequence of coalescing modes changes with different types of
boundaryconditions,aspect ratios, material properties,etc. In addi-
tion, if the temperaturedistributionis complex the possibilityof new
modecharacteristicswill make the coalescenceofmodes more com-
plicated. Because spanwise modes are important for all � ow angle
cases and the composite plate possesses anisotropic material prop-
erties, herein an equal number of modes—modes (1, 1) to (n, n)—
along the length and width of the plate is employed. To determine
the number of modes to be used, modal convergence was studied
and is shown in Table 1. It is observed that using 16 modes—mode
(1, 1) to mode (4, 4)—will providequite accurate � utter boundaries.
Another issue for � nite element analysis is the mesh size, which ne-
cessitates the mesh convergence study as summarized in Table 2.
Results show that the 12 £ 12 mesh should be used. Based upon the
modal convergence and mesh convergence results, up to 16 modes
and a 12 £ 12 mesh are employed in present work.

Because the solution procedure contains two steps, the nonlinear
equationsolverand theeigenanalysismoduleare veri� ed separately.
Figure 3 compares results of thermal postbucklingde� ections of a
clampedisotropicplate from thecurrentNewton–Raphsonapproach
to those results of Paul28 using an analyticalmethod. The postbuck-
ling de� ection solver gives accurate predictions.

To illustrate the eigenanalysisprocedure, the stability boundaries
of a simply supported isotropic plate at four typical � ow angles
are shown in Fig. 4. Curve AD is the � utter stability boundary,

Table 1 Convergence of stability
boundary ¸cr vs number of modes for
a simply supported isotropic square

plate (� ow angle ¤ = 45 deg)

Number of modes

T0=1Tcr 4 9 16 25

0.0 439 539 523 527
1.5 242 273 270 271
3.0 199 210 208 208

Table 2 Convergence of stability
boundary ¸cr vs mesh sizes for the simply

supported isotropic square plate (� ow
angle ¤ = 45 deg)

Mesh sizes

T0=1Tcr 8 £ 8 10 £ 10 12 £ 12 16 £ 16

0.0 523 523 523 523
1.5 270 270 270 270
3.0 209 209 208 208

Fig. 3 Comparison of thermal postbuckling de� ections for a clamped
isotropic square plate.

Fig. 4 Stability boundaries of simply supported square plate with
uniform temperature and various � ow angles (Ca = 0.1).
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curve AC is the buckling stability boundary, and curve AB de-
notes the boundaryfrom buckled but dynamically stable (fW gs 6D 0,
fW gt D 0) plate to the unstable plate. Flutter boundaries(3 D 0 deg
only) from Dowell23 are also given for comparison. Good agree-
ment is obtained. Obviously, the � ow angle brings little effect to
stability boundaries for the simply supported square plate. How-
ever, as temperature is increased, the � utter stability boundary
AD drops drastically, whereas stability boundary AB varies just
slightly.

The analysisof isotropicplatesillustratesthe � niteelementmodal
procedure,and it is observedthat for isotropic squareplates the vari-
ation of the stability boundaries caused by changes of � ow angle
and elevated temperature is dominated by the latter. However, it is
anticipatedthat for rectangularplates, as studiedby Durvasula3;4 us-
ing analyticalmethods and by Abdel-Motaglay et al.16 using FEM,
changes of the � ow angle will cause a signi� cant variation of the
stabilityboundaries.A study of rectangularcompositeplates is con-
ducted to con� rm this behavior.

Composite Plates

The stability boundaries of a rectangular composite plate are in-
vestigatedin this section.The plate is an eight-layer[0/45/¡ 45/90]s
graphite/epoxy laminate with dimensions of 38:1 £ 30:5 £
0:122 cm (15 £ 12 £ 0:048 in.). The material properties are

E1 D 155 MPa .22:5 Msi/; E2 D 8:07 GPa .1:17 Msi/

G12 D 4:55 GPa .0:66 Msi/; º12 D 0:22

®1 D ¡0:07 £ 10¡6/±C.¡0:04 £ 10¡6/± F/

®2 D 30:1 £ 10¡6/±C.16:7 £ 10¡6/±F/

½ D 1550 kg/m3.0:1458 £ 10¡3 lb ¡ s2/in4:/

Flutter of Plates with Uniform Temperatures

The � utter boundariesof a compositeplatewith all edgesclamped
are studied � rst. Figure 5 shows the stability boundaries with � ow
angles 3 D 0, 15, 30, and 45 deg and temperature ratios T0=1Tcr

(1Tcr D 36:471±F or 20.26±C) from 0.0 to 3.0. As found with
isotropicplates, the plate behaviormay be � at and stable (fW gs D 0,
fW gt D 0), buckledbut dynamicallystable (fW gs 6D 0, fW gt D 0), or
unstable as shown in Fig. 5. And, increases of temperature result
in stability boundary changes similar to isotropic plates. However,
there are three issues that must be addressed.

The � rst issue is concerned with the destabilization,or stabiliza-
tion, effects caused by nonzero � ow angle. In Fig. 5, it is seen that

Fig. 5 Stability boundaries of a clamped [0/45/ ¡¡ 45/90]s rectangular
plate with uniform temperature and various � ow angles (Ca = 0.01).

Fig. 6 Stability boundary variation vs � ow angle for a clamped
[0/45/¡¡ 45/90]s rectangular plate at uniform temperatures (Ca = 0.01).

the change of � ow angle affects the stability boundaries greatly for
the composite as compared to the isotropicplates (Fig. 4). Increases
of � ow angle is observed to enhance stability. But at high � ow an-
gles a decrease of stability boundary is observed. To study the � ow
angle effects in detail, the variation of stability boundary with re-
spect to continuous change of � ow angles for several temperature
ratios is investigated. Figure 6 shows the variations of ¸ at differ-
ent temperature ratios. There exists an optimum � ow angle, and its
value falls into the range of 5 to 20 deg. The destabilizationmagni-
tude beyond this optimum angle is notable. For design purposes the
case of the large � ow angle is of concern.However, different results
occur as changes in the aspect ratio, boundary conditions, material
propertiesand/or laminate stackingsequencevaried, as investigated
by Durvasula4 using the Galerkin method.

The second issue is the abrupt drop of the stability boundary
at high temperature ratios and nonzero � ow angle. With compari-
son of stability boundaries depicted in Fig. 5 with those given in
Fig. 4 for the isotropic plate, it is shown that there is the decreasing
curve BE for nonzero � ow angle cases. In Fig. 5, the results from
analysis using Eq. (9) in the structuredegrees-of-freedomapproach
con� rm this phenomenon; this concludes that the ripple is not at-
tributed to the smaller number of system equations of the modal
method. The explanation to the appearance of this ripple can be
inferred from the frequency coalescence analysis for the case of
� ow angle 3 D 45 deg given in detail in Fig. 2. Coalescence be-
havior described in Fig. 2a is the typical eigenvalue coalescence
form of linear models. This approach is a standard method for seek-
ing the stability boundary of an unbuckledplate, for example, plate
with T0=1Tcr < 1:0. Figure 2b traces the eigenvaluevariationsof the
buckledplate at T0=1Tcr D 1:1. Figure 2c shows that at thehigh tem-
perature ratio T0=1Tcr D 3:0 the thermally buckled plate will � utter
and result in a lower stability boundary. The coalescence modes in
Fig. 2c are different from those in Figs. 2a and 2b. For a physical
understanding the high temperature and the anisotropic character-
istics of composites and the � ow direction to the chord can lead to
a frequency coalescence between modes other than the lowest two
modes as well as a reduction in the stability boundary. The stabil-
ity curve for the composite plate at nonzero � ow angles shown in
Fig. 5 consist of three sections: curve AD is the � utter boundary,
curve AC is the buckling boundary, curve ABE is the buckling to
� utter boundary.

The third issue evokedby observationof Fig. 5 is the in� uence of
aerodynamicdamping. Aerodynamicdamping of Ca D 0:01 is used
in the response curves in Fig. 5. Some researchers have ignored
aerodynamic damping (Ca D 0:0) in their analyses. It appears that
the ripples might be related to the aerodynamic damping applied.
According to Dowell,21 the typical aerodynamic damping ranges
from Ca D 0:01 to 0.1. Further efforts are necessary to investigate
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Fig. 7 Aerodynamic damping effect for clamped [0/45/¡¡ 45/90]s
rectangular plate; ¤ = 45 deg.

Fig. 8 De� ection characteristics of plate with/without temperature
gradient.

the stability boundaries of higher damped panels. The case of a
� ow angle 3 D 45 deg is utilized, and the stability boundaries for
Ca D 0:01, 0.05, and 0.1 are compared in Fig. 7. It is seen from
Fig. 7 that when aerodynamic damping is high enough those rip-
ples representing low stability boundaries disappear. The possible
explanation is that higher aerodynamic damping makes � utter of
thermally buckled plate less possible.

Flutter of Plates with Temperature Gradients

A temperature gradient introduces thermal bending moments
to the plate that causes bending. Figure 8 shows the maximum
de� ectionsof a platewith and without a temperaturegradientacross
the thickness (no aerodynamic effects involved). In Fig. 8 ±0 rep-
resents the residual bending induced by thermal moment while the
average temperature T0 D 0:0. The solid line, de� ned as a primary
branch by Shi et al.,17 unlike the uniform temperature case has no
symmetric bifurcation branches. It is known that for unsymmetri-
cally laminated plates ([B] 6D 0) the primary branch appears even if
the plate is heated uniformly (no residual bending de� ection).

The stability boundaries of composite plates with simply sup-
ported edges experiencingnonzerotemperaturegradientsacross the
plate thickness are studied in detail. Zero/nonzero � ow angles and
various average temperatures T0 are considered, taking the critical
buckling temperature (1Tcr D 13:737±F or 7.63±C) of the simply

Fig. 9 Effects of temperature gradients on stability boundary of sim-
ply supported [0/45/ ¡¡ 45/90]s rectangular plate.

supported plate as reference. The variation of stability boundaries
is plotted in Fig. 9.

The rangeof temperaturegradients,which is typical for aerospace
vehicles, is obtained from Refs. 20 and 29. Figure 9 reveals that
1) a nonzero � ow angle results in destabilization of the plate,
2) an increasing temperature gradient enhances the stability bound-
ary becauselarge thermalmoments result in largebendingde� ection
that stiffens the plate, 3) as the average temperature T0 increases the
plate stiffnessis softenedand the stabilityboundarydrops, and 4) for
large temperature gradients the stability boundary is monotonously
decreasing, but this is not true for the small gradient case. The
possible explanation for this last point can be inferred from the
interaction between stiffening caused by thermal bending induced
by temperature gradient T1 and softening caused by thermal ex-
pansion as a result of the effects of the average temperature (T0 or
T0=1Tcr/. When T1 is small, the bending of the plate is small. The
expansion softening effects overwhelm the bending stiffening. As
T0=1Tcr increases,the softenedplate is easier to deformso that stiff-
ening effect from thermal moment is enlarged. This augmentation
of stiffness might cancel the softening from thermal expansionand
increase stability boundary locally. As T0=1Tcr increases, soften-
ing caused by expansionwill overwhelmstiffeningagain. However,
for plates with large temperature gradients the plate experiences a
signi� cant bending for all cases. Additional � exibility brought by
thermal expansion will not affect bending de� ection. The interac-
tion between softening and stiffening, for this case only, minimizes
changes in the stability boundary,which can be concluded by com-
paring the curves for 3 D 0 deg, T1 D 11:11±C (20.0±F), 27.78±C
(50.0±F), and 55.56±C (100.0±F). The aerodynamic damping used
for most of the curves is Ca D 0:01, except that the auxiliary curve
(3 D 0 deg, T1 D 11:11±C) uses Ca D 0:1.

Conclusions
A � nite element modal formulation to evaluate the combined ef-

fects of � ow angle and elevated temperature on the stability bound-
ary of supersonic panel � utter has been presented. Stability bound-
aries of both isotropic and composite plates are investigated.

For isotropic square plates heated uniformly, results show that
� ow angle has less in� uence on change of stability boundaries than
temperature effects. But for composite plates � ow angle effects on
stability boundary cannot be ignored. In� uence of aerodynamic
damping on stability boundary is also studied. Although aerody-
namic damping is small, thermally buckled composite plates may
� utter at much lower dynamic pressure because frequency coales-
cence between modes other than the lowest two modes might occur.

It is found that for plates that experience temperature gradients
across the thickness � nite thermal de� ections induced by thermal
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moments will stiffen the plate and therefore enhance the stability
boundary, whereas expansion of plates from elevated average tem-
peratures will soften the plate. Interaction between the stiffening
caused by temperature gradients and the softening caused by ther-
mal expansion results in slowly decreasing stability boundary.
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